Using the first seven known virial coefficients and forcing it to possess two branch-point singularities, a new equation of state for the hard-sphere fluid is proposed. This equation of state predicts accurate values of the higher virial coefficients, a radius of convergence smaller than the close-packing value, and it is as accurate as the rescaled virial expansion and better than the Padé [3/3] equations of state. Consequences regarding the convergence properties of the virial series and the use of similar equations of state for hard-core fluids in d dimensions are also pointed out.
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I. INTRODUCTION
The virial expansion of the equation of state (EOS) is an expansion in powers of (usually) the number density ρ that was originally introduced phenomenologically by Kammerlingh Onnes 1 in 1909 in order to provide a mathematical representation of experimental data. Later, in what may be considered as one of the great achievements in statistical physics in the twentieth century, Mayer 2 was able to derive such an expansion for the pressure p of a classical fluid in terms of its density. The corresponding virial coefficients (usually denoted by B j ) turn out to be related to integrals over the interaction among groups of fluid particles and are in general functions of the absolute temperature T . In the case of hard-sphere (HS) fluids, which are the subject of this paper, the virial coefficients are however independent of T . In particular, the value of the second virial coefficient for HSs in d dimensions is 3 Analytical expressions for B 3 and B 4 are also available in the literature 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 but higher virial coefficients must be computed numerically and, since this represents a non trivial task, up to now only values up to the tenth virial coefficient have been reported. 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34 The virial expansion for d-dimensional HS systems is often expressed in terms of the packing fraction η defined as η = v d ρ σ d . Hence, for these systems the compressibility factor Z ≡ p/ρk B T (with k B the Boltzmann constant) is given by
where the (reduced) virial coefficients
are now pure numbers.
The availability of only a few virial coefficients represents a restriction on the usefulness of the virial expansion and many issues about it are still unresolved. For instance, its radius of convergence is not known eventhough lower bounds are available. 35, 36 Secondly, although all the available virial coefficients in d = 2, d = 3, and d = 4 are positive, even the character of the series (either alternating or not) is still unknown. In fact results from higher dimensions suggest that the positive character might not be true for the higher virial coefficients of hard disks and spheres. 33, 37, 38 Finally, people have usually recurred to approximate EOSs obtained through the knowledge of the limited number of virial coefficients via various series acceleration methods such as Padé or Levin approximants. However, the expectation that these EOSs would ultimately lead to the complete phase behavior of the system has not been fulfilled. Hence, the question of whether the virial series contains relevant information related to the phase behavior of the HS system also remains as an open one.
Recently it has been clearly established that the EOSs for hard hyperspheres (d ≥ 4) predicted by the PercusYevick (PY) integral equation possess a branch-point singularity on the negative real axis that is responsible for the radius of convergence and the alternating character of the virial series. 37, 38 It is very likely that these features are not artifacts of the PY approximation but would be shared by the exact EOSs. However, in the case of hard spheres (d = 3), the radius of convergence of the PY EOS is artificially η = 1 and, as stated above, there is no definite indication about the nature of the singularity responsible for the true radius of convergence or its value.
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The main aim of this paper is to shed some more light on the character of the virial series of the threedimensional HS fluid. The idea is to propose a new (heuristic) EOS for HS systems in d dimensions that, for reasons that will become clear later, we will refer to as a 'branch-point approximant.' Such a proposal is not geared specifically towards obtaining an accurate EOS but rather relies on the notion that the radius of convergence of the virial series might be dictated by a branchpoint singularity. In any case, the plausibility of this notion will be assessed by comparing the predictions of high virial coefficients coming out of the proposal both with the exact values of these coefficients for each d and with the performance of other proposals for the EOS (rescaled virial expansions and Padé approximants).
The paper is organized as follows. In the next section we introduce the new EOS including a branch-point singularity and examine the case of three-dimensional HSs. Section III refers to the use of the same type of EOS for 
different dimensionalities. We close the paper in Sect. IV with some discussion and concluding remarks.
II. THE CASE OF HARD SPHERES (d = 3)
We begin by proposing a 'branch-point approximant' for the EOS of d-dimensional HS systems, namely
where A, a 1 , a 2 , c 1 , c 2 , c 3 , and k are parameters to be determined. This functional form (with k = 3) is inspired by the EOS for hard hyperspheres in d = 5 predicted by the PY theory through the virial route. 39, 40, 41, 42 As stated above, we will assume the approximant form given in Eq. (2) for three-dimensional HSs as a toy model to highlight the possibility that the radius of convergence of the virial series in this system might be dictated by a branch-point singularity. According to the philosophy of an approximant, the six coefficients A, a 1 , a 2 , c 1 , c 2 , and c 3 are obtained from the knowledge of the virial coefficients b 2 -b 7 . The resulting expressions are given in Table  I , where we have called
Although the choice for k is in principle arbitrary, a natural one seems to take k = d. Hence, in this Section we assume k = 3. A special situation takes place if a 2 = a 2 1 . In that case, the denominator (S 3,5 ) in the expression for A must vanish in order to have a finite value, i.e., b 5 = b 2 − 3b 3 + 3b 4 . Since this denominator also appears in the expressions for a 1 and a 2 , the respective numerators (S 3,6 and S 3,7 ) must also vanish, i.e., one must have b 6 = 3b 2 − 8b 3 + 6b 4 and b 7 = 6b 2 − 15b 3 + 10b 4 . Under those conditions, one has c 1 = 3a 1 
, regardless of the values of a 1 and A. The aforementioned relationships are precisely satisfied by the virial and compressibility routes to the EOS in the PY approximation for d = 3. Therefore, the functional form (2) is general enough as to include both PY EOSs, and thus also the Carnahan-Starling (CS) EOS, 43 given by
as particular cases. Moreover, in the one-dimensional case one has b j = 1, so that again the relationships are satisfied and the resulting compressibility factor reduces to the exact EOS of the system, namely
The numerical values of the coefficients a 1 , a 2 , A, and Table I . The two branch points −(a 1 ± a 2 1 − a 2 )/a 2 = −0.139234 ± 0.702817i lie on the complex plane. Their modulus is 1/ √ a 2 = 0.716 and this is then the radius of convergence of the virial series of the EOS (2) . While this radius is possibly an overestimate (in fact, it is larger than the freezing density), it is not unphysical since it is smaller than the close-packing value, in contrast to the radius η = 1 given by the PY, the CS, and the Carnahan-Starling-Kolafa (CSK) 44 EOSs, to name just a few. 
where m = 6, k = 3, and C n = (−1)
, with S k,n given by Eq. (3), and the best 45 Padé approximant [3/3] given by
where D n and E n (n = 2) is quite satisfactory, one may reasonably wonder how the new EOS will perform when compared with other accurate proposals. Figure 2 shows that both the branch-point approximant and the rescaled virial expansion deviate less than 0.3% from the CS values for 0 ≤ η ≤ 0.5 and are in very good agreement with simulation data 46 . The Padé [3/3] does a poorer job in this instance. Hence, the performance of the new proposal is also very accurate over the whole fluid phase range.
III. OTHER DIMENSIONALITIES
In this Section we perform a similar analysis of the use of Eq. (2) are known. For d = 2 the best approximant is the Padé [3/3] . The branch-point approximant also does a good job in the case of hard disks, but the rescaled virial approximation is slightly better (except for the value of b 8 ). The case d = 4 is somewhat peculiar because the predictions from all the approximants are rather poor. In any event, the Padé [3/3] gives the 'best' performance, followed by the rescaled virial expansion, and finally the branch-point approximant. This latter even 'anticipates' the likely aternating character of the series and predicts a negative value of b 10 . The situation changes for 5 ≤ d ≤ 9 where the performance of the rescaled virial expansion is extremely poor and in fact it never predicts negative coefficients, even when the exact b 6 < 0 is introduced (d = 6, d = 7) or the exact b 4 < 0 and b 6 < 0 are introduced (d = 8, d = 9). On the other hand, in these dimensionalities the Padé [3/3] predicts the right signs, while the branch-point approximant predicts, in addition, very good values.
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With regards to the EOS of hard disks, in Fig. 3 we compare the performance of the different approximants with respect to the simulation data 47, 48 in the range 0 ≤ η ≤ 0.7. Note that in this range the new proposal is able to capture the deviations (of up to 2%) of the simulation results that one gets from the use of the reasonably 
Concerning the nature of the singularities in these dimensions, in Table IV , we present the values of the singularity closest to the origin and the radius of convergence of the corresponding virial series, as predicted by the branch-point approximant (2) with k = d. For comparison, the radius predicted by the PY integral equation is also included in this table. One finds that the new proposal predicts complex branch points for 2 ≤ d ≤ 4. These are precisely the cases where all the known virial coefficients are positive. On the other hand, for 5 ≤ d ≤ 9 the branch point closest to the origin is a negative real value. This agrees with the PY results, which gives some support to the alternating series scenario. Also note that the branch-point approximant and the PY radii of convergence tend to agree as d increases. 
IV. CONCLUDING REMARKS
In this paper we have introduced a new proposal for the EOS of a three-dimensional HS fluid which is built from the knowledge of the first seven virial coefficients and possesses two branch-point singularities in the complex plane. Although the choice we have made may appear to a certain extent arbitrary, it is perhaps the simplest one embodying the PY and CS EOSs for HSs in three dimensions as well as the exact Z in d = 1 and the PY virial EOS in d = 5. The same functional form was also assumed for the EOS of HS fluids in other dimensions. For d = 3 the new EOS predicts accurate values of the higher virial coefficients, a radius of convergence smaller than the close-packing value, and, irrespective of the fact that its construction did not aim at accuracy, it is very accurate when compared to simulation results and with other approximants involving the same number of known virial coefficients. This last feature was shown to be also shared by the two-dimensional case. The proposal is also robust with respect to small (∼ 1%) deviations in the value of the seventh virial coefficient, certainly more robust than either the rescaled virial expansion or the Padé [3/3] .
Except for d = 4 (where, as already pointed out by Clisby and McCoy 33 in a somewhat related context, perhaps one would require better accuracy of the known virial coefficients), in all other dimensionalities the branch-point approximant gives the best overall performance with respect to the prediction of the known virial coefficients. In particular, the rescaled virial expansion is unable to predict even the signs of known virial coefficients for d ≥ 5 and the Padé [3/3] , although correctly capturing these signs, leads to higher deviations. This of course constitutes no proof that the true EOS of HS systems should include a branch-point singularity, but the evidence provided here is at least consistent with it.
On a related vein, the new EOS for HSs in d = 3 also leads to an alternating virial series, with b 59 being the first negative reduced virial coefficient. Given the difficulty of computing exact high order virial coefficients, it is unlikely that the alternating series scenario for HSs in three dimensions may be confirmed in the near future. However, in view of the present results and those obtained in higher dimensions, 33, 37, 38 it certainly gets reinforced.
One can reasonably wonder whether the present approach to construct the EOS of HS systems using a number of known virial coefficients may be cast in a systematic way. While the answer is certainly not unique, the following constitutes a possible generalization. We rewrite the compressibility factor as
where taking N = 1 corresponds to Eq. (2). In the threedimensional case (k = d = 3), the approximant with N = 0 (which amounts to including only the first five virial coefficients) predicts b 6 -b 10 with deviations equal to 0.54%, 0.69%, 1.2%, 3%, and 5%, respectively. On the other hand, the approximant with N = 2 predicts b 10 with a 1.2% deviation. Therefore, although there is certainly an improvement in the prediction of b 10 on going from N = 0 to N = 2, a reasonable compromise between simplicity, generality, and accuracy seems to suggest that the choice N = 1 is the most adequate.
Finally, it should be pointed out that if instead of choosing k = d as we have done in this paper, a different k is picked (say k = 3 for all d) we find slight variations in the numerical predictions but the overall picture remains unaltered.
